Abstract. The main result of the papzer is that any planar graph with odd girth at least 10k À 7 has a homomorphism to the Kneser graph G 2k1 k , i.e. each vertex can be colored with k colors from the set f1; 2; . . . ; 2k 1g so that adjacent vertices have no colors in common. Thus, for example, if the odd girth of a planar graph is at least 13, then the graph has a homomorphism to G 5 2 , also known as the Petersen graph. Other similar results for planar graphs are also obtained with better bounds and additional restrictions.
Introduction
Let G V ; E be a simple, undirected graph. The odd girth of a graph is the length of its shortest odd circuit. An n; k-coloring of G is a mapping c : V G U 3 P k Z n where P k Z n is the collection of all k-subsets of Z n f0; 1; . . . ; n À 1g such that cu cv Y if uv P EG. The concept of n; k-coloring is a generalization of the conventional vertex coloring problem, in which case k 1. For example, Fulkerson's Conjecture [4] , one of the well-known conjectures in graph theory, is the edge version of the 6; 2-coloring problem for bridgeless cubic graphs.
The main results of the paper are about 2k 1; k-colorings of planar graphs with large odd girth. It was proved by Stahl that that the chromatic number of an n; k-colorable graph is at most n À 2k À 1 [12] . Thus 2k 1; k-coloring is in a sense``stronger'' than 3-coloring ± it is well-known that C r (the circuit on r vertices) cannot be 2k 1; k-colored when r is odd and r < 2k 1, since the odd girth of G 2k1 k is 2k 1 [11] , [12] . It is known from GroÈ tzsch's Theorem [5] (see also [6] , [1] , [14] ) that every planar graph with odd girth at least ®ve is 3-colorable. Of course, every bipartite graph (i.e., a graph with odd girth I) is 2-colorable. The property of 2k 1; k-colorability is naturally expected for planar graphs with suciently large odd girth since 2-colorability A T ( 2k 1; k-colorability A T ( 3-colorability.
However, our results cannot be generalized to arbitrary graphs without the restriction of the planarity: non-planar graphs with high girth and high chromatic number were constructed by Erd} os [3] (see also [15] , page 408).
An n; k-coloring of a graph can also be viewed as a homomorphism of a graph to a Kneser graph. The Kneser graph, denoted by G n k , is de®ned to be the graph in which vertices represent subsets of cardinality k taken from Z n f0; . . . ; n À 1g and two vertices are adjacent if the intersection of their labels is empty, see for example [13] . LovaÂ sz proved the chromatic number of the Kneser graph G n k is precisely n À 2k À 1 [11] . Note that G 5 2 is the famous Petersen graph. A graph homomorphism, /, is a mapping from G to H such that if uv P EG then /u/v P EH . The property of 2k 1; k-colorability of a graph G is equivalent to the property that G has a graph homomorphism into the Kneser graph G 2k1 k . Graph homomorphism is a subject that has been extensively studied (see survey articles: [7] , [16] ).
The following is one of the main results of the paper.
Theorem 1.1. Let G be a planar graph with odd girth at least 10k À 7 (k ! 2). Then G is 2k 1; k-colorable, or equivalently, G has a homomorphism to the Kneser graph G 2k1 k .
Note that the case of k 1 is simply the 3-coloring problem and the theorem is false in this case. Thus, we only consider the case k ! 2 in this paper.
Reducible Con®gurations
We begin with two de®nitions. De®nition 2.1. Let H be a graph and S V H . A coloring (called a precoloring)
of H such that cv c H v for each v P S. The ordered pair H ; S is a reducible con®guration with respect to 2k 1; k-coloring if every precoloring of S is extendible to the entire graph H .
The strategy and an outline of the proof of our main result are as follows. We produce a list of reducible con®gurations with respect to 2k 1; k-coloring. That is, we show that a smallest counterexample to our main result cannot contain any of those reducible con®gurations. Then a calculation of Euler contributions of an alleged counterexample leads to a contradiction to the fact that the graph is planar.
Lemmas
Before producing a list of reducible con®gurations, we present a few observations regarding extending a 2k 1; k-coloring from one end of an induced path to the another end of the path. These lemmas will be applied in generating the list of reducible con®gurations.
For a 2k 1; k-coloring, each color is a k-subset of the set f1; 2; . . . ; 2k 1g, and is also considered to be a vertex in the Kneser graph G Results of [12] and [11] imply the odd girth of G 2k1 k is 2k 1, hence we cannot precolor both endpoints of a path of length 2k À 1 with the same color and then extend that to a proper coloring of the path. Later, we shall use the term``extended'' to also refer to the situation when a set of vertices is precolored and it is possible to properly color the (sub)graph from that precoloring. Lemma 2.3. Let P v 0 . . . v t be a path and let v 0 be precolored with the color a (P V G 2k1 k ). Then the precoloring at v 0 can be extended to the entire path P with the set of legal colors at the last vertex v t as follows:
In general,
Proof. Since (1) consists of only a few of special cases of (2), we prove only (2) by induction on t. The lemma is true for t 1. Assume that the lemma is true for t. De®nition 2.4. Let H be a graph and S V H . For a vertex v P V H nS, let v; S; H be the least number of legal colors that v can receive under any possible 2k 1; k-precoloring of S.
Obviously, if H is a path v 0 Á Á Á v t and S fv 0 g, then`v i ; S; H jLv i ; v 0 ; H j where Lv i ; v 0 ; H is de®ned in De®nition 2.2 and was used only for color extension of paths.
The following lemma is a corollary of Lemma 2.3.
The next simple observation will also be applied in the construction of some reducible con®gurations.
with equality only if ja bj k 1. (Note that a; b are considered as k-subsets of a 2k 1-set.)
The following lemmas will be applied in the next subsection regarding reducible con®gurations. To remind the reader, we assume that k ! 2 throughout the paper.
Lemma 2.7. Let k ! 2 and P v 0 . . . v t be a path and c be a precoloring of fv 0 ; v t g.
If t ! 2k
; then c is extendible to P and
2. If t 2k À 1 and cv 0 T cv 2kÀ1 ; then c is extendible to P and
Proof. The extendibility of c is an obvious corollary of Lemma 2.3 for both cases. Now we need to prove only the remainder of the lemma.
Notation. A subpath of a path P v 0 . . . v t between the vertices v i and v j (i j) is denoted by P v i . . . v j .
By Lemma 2.3
and jN cv 0 j k 1, by Lemma 2.6,
Reducible Con®gurations
We now list some reducible con®gurations with respect to 2k 1; k-coloring. Some examples are shown below. Let Tk fT 
Proof. Induction on i. The lemma is true for i 1 (by Lemma 2.7 (1)). Assume that the lemma is true for i. Note that By inductive hypothesis, we can extend the precoloring c to T k i and
We choose a coloring of T k i such that cv i 1 T cv i1 0 . Thus, by Lemma 2.7 (2), the coloring c is further extendible to T k i1 and
. . .g be a family of graphs constructed as follows (an example is shown in Figure 5 ) 
Euler Contributions
Let G be a planar graph (without loops or bridges) embedded in the plane with the vertex set V G, the edge set EG, and the face set F G.
Let the degree of a vertex v be dv and the degree of the face f (i.e., the length of the boundary of we have the following Lebesgue's formula
For each angle a, the general term of equation (3)
is called the Euler contribution of the angle a.
Let f be a face of G. When one sums the Euler contributions of all angles at all corners of a face f , one obtains the Euler contribution of the face f
where the sum is over all the vertices on the boundary of f . For a vertex v, when one sums the Euler contributions of all angles at v, one obtains the Euler contribution of the vertex v
where the sum is over all the faces having v on their boundaries. For an edge e v 1 v 2 , let f 1 ; f 2 be two faces incident with e.
Note that e appears in four angles and each angle consists of two edges. When one sums a half of the Euler contributions of all angles containing e, one obtains the Euler contribution of the edge e
According to Lebesgue's formula (3), we have the total Euler contributions of angles, vertices, faces and edges as
Since the total Euler contributions of a planar graph is two, we have the following lemma. [10] ). Let G be a planar graph without loops and bridges. There must be an angle, a vertex, a face and an edge such that each of their Euler contributions is positive.
Lemma 3.2 (Lebesgue

Eliminating Even Circuits and Long Odd Circuits
A facial circuit of a planar graph is a circuit formed by edges of the boundary of a face.
The following lemma was proved in [8] , which will enable us to eliminate even circuits and long odd circuits in the proofs of the main results.
Lemma 4.1. Let g be an odd integer and G be a planar graph with odd girth at least g. If C v 0 . . . v rÀ1 v 0 is a facial circuit of G with r T g, then there is an integer i P f0; . . . ; r À 1g such that the graph G H obtained from G by identifying v iÀ1 and v i1 (mod r) remains planar and of odd girth at least g.
n-Tuple Coloring of Planar Graphs ± Part I.
We can now prove the main result of the paper. Theorem 1.1. Let G be a planar graph with odd girth at least 10k À 7, where k ! 2. Then G is 2k 1; k-colorable.
Proof. Let G be a counterexample to the theorem with the least number of vertices.
For vertex-cut S V G, let N 1 and N 2 be the two parts of GnS. Let H i be the subgraph of G induced by the vertex set V N i S for each i 1; 2. Note that H 2 is a proper subgraph of G, therefore, H 2 is 2k 1; k-colorable. By Lemmas 2.8 and 2.9, the ordered pair H 1 ; S cannot be any con®guration listed in those lemmas, for otherwise, any coloring of H 2 can be extended to
Then G does not contain any reducible con®guration listed in Section 2.2.
I. By Lemma 4.1, we have that every facial circuit of G is of equal length 10k À 7. By Lemma 2.8 (1) (for i 1), no induced path of G is of length ! 2k. Thus, each facial circuit of G contains at least three degree ! 3 vertices since k ! 2 and each facial circuit is of length precisely 10k À 7.
II. LetĜ be the underlying graph of G. That is,Ĝ is obtained from G by replacing each maximal induced path with an edge. Since k ! 2, we have that d 10kÀ7 2 e ! 2k 1. Since G does not contain any of the reducible con®gurations listed in Section 2.2, in particular an induced path on 2k 1 vertices, we also have that any facial circuit of G has at least three vertices, each of degree at least three. HenceĜ is in fact a simple graph.
By Lemma 3.2, letĈ be a facial circuit ofĜ with a positive Euler contribution. Note that the Euler contribution of a facial circuit of length at least six is at most zero, since the minimum degree dĜ ! 3. Hence,Ĉ is of length at most ®ve. Let C be the circuit of G corresponding toĈ in the underlying graphĜ.
III. Let fx 1 ; . . . ; x h g be the set of all vertices of C with degree at least 3 in G. Let Q i x i . . . x i1 be the segment (a maximal induced path) of C between two degree ! 3 vertices (i 1; . . . ; h, modh). (See Figure 6.) IV. We claim that each segment Q i is of length at most 2k À 1. Since a segment Q i of length ! 2k is T k 1 P Tk, by Lemma 2.8, it would be a reducible con®guration. V. We claim that C has precisely ®ve segments. That is, C has precisely ®ve degree ! 3 vertices fx 1 ; . . . ; x 5 g. Since k ! 2, we have that
If h 4, then at least one segment of C is of length at least 2k. This contradicts IV.
Since jECj 10k À 7 and C has ®ve segments each of which is of length at most 2k À 1, the number of segments of length 2k À 1 in C is either three or four.
VI. We claim that if C has two consecutive segments, say, Q i and Q i1 , of length 2k À 1, then the common vertex x i1 of Q i and Q i1 must be of degree at least four. For otherwise, we have a reducible con®guration T VII. We claim that C cannot have three consecutive segments of length 2k À 1. Assume that C has three consecutive segments, say, Q 1 ; Q 2 ; Q 3 , of length 2k À 1, then, by VI, we have that dx 2 ; dx 3 ! 4. Thus, the Euler contribution of the facial circuitĈ inĜ is non-positive, contradicting the choice ofĈ.
VIII. C cannot have four segments of length 2k À 1, since otherwise they are all adjacent to each other around the circuit C and this contradicts VII. By V, the circuit C has precisely three segments of length 2k À 1, and by VII again, they cannot be consecutively around the circuit.
IX. By VIII, the facial circuit C has precisely three segments of length 2k À 1: Q 1 ; Q 2 and Q 4 . Since jECj 10k À 7, Q 3 and Q 5 are of length 2k À 2. (See Figure  6 .) Similar to VI, by avoiding the reducible con®guration T In this section, we restrict the problem to planar graphs of maximum degree three. However, in this case we cannot utilize Lemma 4.1 as that operation may increase a vertex's degree. Let z i be the neighbor of x i not contained in C for each i 1; . . . ; h.
II. We claim that any two segments of length 2k À 1 in C cannot be adjacent to each other around the facial circuit C. For otherwise, let Q 1 and Q 2 be two segments of length 2k À 1. Then we have a reducible con®guration T k 2 P Tk (by Lemma 2.8) with T k 2 GQ 1 Q 2 N x 2 and ST k 2 fx 1 ; z 2 ; x 3 g. III. We claim that C has precisely ®ve segments. That is, C has precisely ®ve degree 3 vertices fx 1 ; . . . ; x 5 g. Assume to the contrary that h 4. Since k ! 2, we have that
Hence, by I-(iv), at least three segments of C are of length precisely 2k À 1. Two of them must be adjacent to each other around the circuit C since h 4. This contradicts II and therefore, h 5.
IV. We claim that C has either one or two segments of length 2k À 1. By III, C has precisely ®ve segments. Since the length of C is at least 10k À 9 and each segment of C is of length at most 2k À 1 (by II), the number of segments of C with length 2k À 1 is at least one. Furthermore, C cannot have more than two segments of length 2k À 1, for otherwise, two of them must be adjacent to each other around the circuit C and this contradicts II.
V. Case 1. C has precisely two 2k À 1-segments. By II, without loss of generality, let them be Q 1 and Q 3 . If Q 2 is a segment of length 2k À 2, then we have a reducible con®guration T So, Q 2 is of length at most 2k À 3. Then Q 4 and Q 5 are of length precisely 2k À 2 since the length of C is at least 10k À 9 and any pair of segments of length 2k À 1 cannot be adjacent to each other (by II). But, we have a reducible con®guration T k 4 P Tk (by Lemma 2.8) with T k 4 GQ 3 Q 4 Q 5 Q 1 fz 4 ; z 5 ; z 1 g and ST k 4 fx 3 ; z 4 ; z 5 ; z 1 ; x 2 g. VI. Case 2. C has precisely one 2k À 1-segment, say, Q 1 . Since jV Cj ! 10k À 9, each of Q 2 ; . . . ; Q 5 is of length precisely 2k À 2. Then, we have a reducible con®guration R k 4 P Rk (by Lemma 2.9 with R k 4 GC fz 1 ; z 2 ; z 3 ; z 4 ; z 5 g and SR k 4 fz 1 ; z 2 ; z 3 ; z 4 ; z 5 g. (
Lower Bounds and Future Work
We believe that the bound in Theorem 1.1 can be improved, perhaps to odd girth seven in the case when k 2. A lemma is presented before we prove a lower bound in Proposition 7.2. Proof. Let H be the complete graph with four vertices fu; v; w; xg. Let G be the graph obtained from H by replacing the edge uw with a path P uw of length 2k À 1 and replacing the edge vx with a path P vx of length 2k À 1. Note that P uw P vx Y.
Assume that c is a 2k 1; k-coloring of G. By Lemma 7.1, cu cw since u is adjacent to v and x in the 2k 1-circuit vwxP vx v. But, that cu cw contradicts Lemma 2.3 since u and w are joined by the path P uw of length 2k À 1.
(
Whether there exist planar graphs with odd girth 2k 1 and high girth that cannot be (2k 1, k)-colored is an open question. However, there do exist cubic graphs of girth seven that cannot be (5, 2)-colored [9] .
We also note that it is easy to prove by induction that outerplanar graphs with odd girth 2k 1 can be 2k 1; k-colored, since outerplanar graphs either have a cut-vertex or a chord on the exterior circuit (in the case the graph is 2-connected).
